Abstract. We establish the topological s-cobordism surgery sequence for any closed oriented 4-manifold X homotopy equivalent to a connected sum X 1 # · · · #Xn such that each topological 4-manifold X i has fundamental group Γ i of class SA. As a corollary, given Γ i in a subclass ECS, if Γ i is torsionfree and π 2 (X i ) ⊗ Z 2 = 0 (e.g. X i aspherical), then X is topologically s-rigid. An application is an s-fibering theorem for topological 5-manifolds over the circle.
Introduction
If a compact topological 4-manifold X satisfies the Null Disc Lemma (N DL) of M. H. Freedman [FQ90] , then it possesses an exact surgery sequence [FT95, KQ00] . In this paper, we extend the existence of the s-cobordism surgery sequence to finitary connected sums X of orientable N DL pieces X i . In particular, we obtain exactness at the topological s-cobordism structure set S s TOP (X) and calculate it to be trivial under certain conditions on the fundamental groups of aspherical X i . Definition 1.1 (Freedman-Teichner). Denote SA as the class of finitely generated groups minimal with respect to containing all subexponential-growth groups and closed under the operations of forming subgroups, extensions, and filtered colimits. Example 1.2. The class SA contains the Grigorchuk group G. This infinite 2-group is finitely generated but not finitely presented and has intermediate growth.
Definition 1.3. Denote SA 2 as the subclass of SA consisting of all 2-torsionfree groups (that is, groups without any elements of order two). Define F SA (resp. F SA 2 ) as the closure of SA (resp. SA 2 ) under finitary free products.
Example 1.4. The subclass SA 2 contains all the solvable Baumslag-Solitar groups BS(1, n) = Z[ 1 n ] ⋊ n Z. These have exponential growth for all integers n = −1, 0, 1. Example 1.5. The class F SA 2 contains all finitely generated free groups F n . The 4-dimensional s-cobordism conjecture remains open for the fundamental group F 2 .
Recall that, unless specified in the notation, the structure sets S h TOP and normal invariants N TOP are homeomorphisms on the manifold boundary (that is, rel ∂). Definition 1.6. Let Z be a non-empty compact connected topological 4-manifold. Denote the fundamental group π := π 1 (Z) and orientation character ω := w 1 (τ Z ). We declare that Z has class SES h if there exists an exact sequence of based sets: Research funding provided in part by NSF grants DMS-0353640 (RTG) and DMS-0904276.
Next is the enhancement to include actions of certain groups in K-and L-theory.
Definition 1.7. Furthermore, we declare that Z has class SES h + if, for all elements h ∈ S h TOP (Z) and t ∈ Wh(π) and x ∈ L h 5 (π, ω), there exist:
• an action of the group Wh(π) on the set S h TOP (Z) such that: -there is an h-bordism F : This exact sequence has been proven for the first class of groups [FT95, KQ00] .
Here is our main theorem, extending their hard result by a soft technique. Theorem 1.9. Let X be a compact connected topological manifold of dimension 4.
(1) Suppose either the fundamental group π 1 (X) has class F SA if X is oriented, or π 1 (X) has class F SA 2 if X is non-orientable. Then there exists r ≥ 0 such that the r-th stabilization X r := X#r(S 2 × S 2 ) has class SES h + . (2) Suppose oriented (resp. non-orientable) X has the homotopy type of a connected sum X 1 # · · · #X n such that each π 1 (X i ) has class SA (resp. SA 2 ). Then X has class SES h + , and the following function is a bijection:
In certain cases, we can deduce an adequate form of topological rigidity. Definition 1.10. A closed topological manifold X is topologically s-rigid if any homotopy equivalence h : M → X from a closed topological manifold M is sbordant to a homeomorphism. It suffices that both the Whitehead group Wh(π 1 X) and the topological s-cobordism structure set S s TOP (X) are singletons. The next notion is a certain type of injective colimit indexed by a poset of subgroups. This poset need not be directed, hence the colimit need not be filtered. Definition 1.11 (Bartels-Lück) . Denote vc as the class of virtually cyclic groups. Let C be a class of groups. A group G is a vc-inductive extension over C if there exists an epimorphism p : G → H such that H ∈ C and p −1 (V ) ∈ C for all V ∈ vc(H). In particular, the kernel K = p −1 (1) must be an element of C.
For brevity, we say that a group G has class CAT (0) if G admits a cocompact isometric proper action on a finite-dimensional CAT (0) metric space. Definition 1.12. Denote ECS as the subclass of SA minimal with respect to containing all finitely generated CAT (0) groups of subexponential growth and finitely closed under forming subgroups, vc-inductive extensions, and filtered colimits. Example 1.13. Note BS(1, n) ∈ ECS − CAT (0) ∩ SA for all n = −1, 0, 1.
A recent result of A. Bartels and W. Lück leads to s-rigidity in dimension four. Corollary 1.14. Let n > 0. For each 1 ≤ i ≤ n, suppose X i is a closed connected oriented topological 4-manifold whose fundamental group
Then the connected sum X := X 1 # · · · #X n has class SES h + . Furthermore, if each Γ i is also torsionfree and each π 2 (X i ) ⊗ Z 2 = 0, then X is topologically s-rigid.
The proofs of our theorem and corollary appear in the last section of the paper. First consider examples of non-aspherical factors X i such that the connected sum X has free fundamental group F n . Since Z ∈ SA, an L 0 -homology argument shows such 4-manifolds X satisfy exactness at N TOP (X) (cf. [FH83, FQ90] . Then, by Corollary 1.14, the connected sum X = X 1 # · · · #X n has class SES h + and is topologically s-rigid. Our theorem does not show triviality of s-cobordisms; here are other caveats.
Remark 1.18. The stable surgery sequence of S. Cappell and J. Shaneson [CS71] holds for all closed connected smooth 4-manifolds X. However, the amount of S 2 × S 2 stabilization used is not fixed in the stable structure set S DIFF (X) [KT01] .
Remark 1.19. A homotopy decomposition into a connected sum need not exist. A counterexample to the 4-dimensional homotopy Kneser conjecture with Γ of class F SA 2 was constructed by M. Kreck, W. Lück, and P. Teichner [KLT95a] .
Remark 1.20. Given a homotopy decomposition into a connected sum, a homeomorphism decomposition need not exist. There exist infinitely many examples of non-orientable closed topological 4-manifolds homotopy equivalent to a connected sum (RP 4 #RP 4 ) that are not homeomorphic a non-trivial connected sum [JK06, BDK07] . Hence # is not always a bijection in the case Γ = D ∞ ∈ SA−SA 2 . Remark 1.21. For certain groups π 1 (X) outside of class F SA, such as poly-surface groups, results on exactness at N TOP (X) are found in [Hil07, Kha07, HR07, CS08].
Remark 1.22. The modular group P SL(2, Z) ∼ = C 2 * C 3 is a tantalizing geometric example of an element of F SA− F SA 2 . It has a discrete cofinite-area action on H 2 . Our theorem in the non-orientable case neither includes it nor SL(2, Z) ∼ = C 4 * C2 C 6 .
Let us conclude the introduction with an application to fibering of 5-manifolds. Partial results were obtained in [Wei87, Kha08] . The proof is located in Section 3. If X satisfies the s-cobordism conjecture, then we obtain a fiber bundle projection. 
Weinberger's homology splitting theorem
First, we need to relativize the surgical language in the Introduction (cf. [Wal99] ).
Definition 2.1. Let Z be a topological manifold such that the boundary ∂Z is collared. Let ∂ 0 Z be a compact locally flat codimension-zero submanifold of ∂Z.
Here is the precise definition of the relative structure set that we use in proofs.
• |H| : W → Z × I is a homotopy equivalence,
]-homology equivalence, and
We call such H : h ∼ h ′ a homotopy-homology h-bordism.
The 4-dimensional relative surgery sequence is defined carefully as follows.
Definition 2.3. Let (Z, ∂ 0 Z) be a compact TOP 4-manifold pair. Denote the fundamental groupoids Γ := π 1 (Z) and Γ 0 := π 1 (∂ 0 Z). Denote the orientation character ω := w 1 (τ Z ) : Γ → Z × . We declare that (Z, ∂ 0 Z) has class SES h if there exists an exact sequence of based sets:
Last is the enhancement to include actions of certain groups in K-and L-theory. Now we are ready to improve the Λ-splitting theorem of S. Weinberger [Wei87] by slightly modifying his proof. Our main theorem in essence shall be its corollary. Next, we modify Weinberger's clever cobordism argument, adding a few details. We suppress the orientation characters ω needed in the non-orientable case.
Proof of Theorem 2.5. For brevity, we shall denote Q for either ×Q or ×id Q . (=⇒): Since dim(M Q 0 ) = 11 > 4, this follows from the TOP s-cobordism theorem and the handlebody version of the Quillen plus construction [KS77] .
(⇐=): Suppose h Q is homotopic to a split homotopy equivalence along X Q 0 . By topological transversality [FQ90] , we may assume, up to homotopy rel ∂M , that h : M → X is TOP transverse to X 0 . There is an induced decomposition of compact manifolds M = M 1 ∪ M0 M 2 , where for all j = 0, 1, 2 the restrictions h j := h|M j : M j → X j are degree one TOP normal maps and ∂h j are homeomorphisms.
Since Q has both Euler characteristic and signature equal to 1, by periodicity and product formula [Wal99] , for all i = 1, 2, the relative surgery obstructions vanish:
Then, by exactness at N TOP in Condition ( * ), for all i = 1, 2, there exists a TOP normal bordism
of triads, where the restriction ∂ 1 F : M ′ → X ′ is a homotopy equivalence:
Select a homotopy H : M Q × I → X Q from h Q to a split homotopy equivalence g = g 1 ∪ g0 g 2 along X Q 0 . By topological transversality [FQ90] , we may assume that both F Q and H are transverse to X Q 0 . Define a degree one TOP normal map
Define a degree one TOP normal map
such that the restriction ∂ 1Ḡi = h ′ i ⊔ g i is a homotopy equivalence. Observe there are defined surgery obstructions
. Then, by periodicity, sum formula, and L h * (Γ 0 , Γ 0 ) = 0 [Wal99], we obtain:
In particular, we obtain that x ∈ L h 5 (Γ, Γ 0 ) is the image of a surgery obstruction x B ∈ L B 5 (Γ, Γ 0 ) uniquely determined by F Q , where the decoration subgroup is
Next, by existence of an L h 5 -action in Condition ( * ), for each i = 1, 2, there exists a TOP normal bordism
is a homotopy-homology equivalence. Now consider the TOP normal map
is a homotopy equivalence:
. Note the surgery obstruction vanishes:
(Γ, Γ 0 ). Since the Null Disc Lemma holds for Γ 0 [FT95] , by 5-dimensional relative surgery [Wal99] , there is a normal bordism G rel M ′′ to a B-torsion homotopy equivalence
of triads such that for each i = 1, 2 the restriction ∂F
Finally, consider the Whitehead torsion of the achieved h-cobordism rel ∂M :
Then there exist t i ∈ Wh(Γ i ) such that t = j 1 (t 1 ) + j 2 (t 2 ). By existence of a Whaction in Condition ( * ), for all i = 1, 2, there exist h-bordisms F ′′ i rel ∂ such that torsion of the domain h-cobordism is j i (−t i ). Therefore, by the sum formula, we obtain a topological s-bordism
Proofs of the main results
At last, we are ready to establish our main theorem using homology splitting. Again, we suppress the orientation characters ω needed in the non-orientable case. For any non-empty compact connected 4-manifold Z, we use the following notation:
Proof of Theorem 1.9. Since Γ := π 1 (X) is isomorphic to a free product Γ 1 * · · · * Γ n (with Γ i of class SA), by an existence theorem of J. Hillman [Hil95] (cf. [KLT95b, KM98] ), there exist r ≥ 0 and closed topological 4-manifolds X 1 , . . . , X n with each π 1 (X i ) isomorphic to Γ i such that X#r(S 2 ×S 2 ) is homeomorphic to X 1 # · · · #X n . In addition, the SES h + property only depends on the homotopy type of X. Therefore we may assume that X = X 1 # · · · #X n with each Γ i = π 1 (X i ) for our purposes.
We induct on n ∈ N. Assume for some n > 0 that the (n− 1)-fold connected sum of any compact connected topological 4-manifolds with fundamental groups of class SA has class SES h + with respect to the union of any of the boundary components. Let ∂ 0 X be the union of some boundary components of ∂X. Write
Since Γ n has class SA, by [FQ90, KQ00] , the pair (X n , ∂ 0 X n ) has class SES h + . Next, we shall show that our original 4-manifold pair has class SES
First, the K-theory splitting obstruction group vanishes [Wal78] , and, by a recent vanishing result [CR05, LW, BL, CD] , so do the L-theory obstruction groups: Denote the fundamental groupoids of the boundaries by
So observe, by the Mayer-Vietoris type exact sequences of K-theory groups [Wal78] and of relative L-theory groups [Cap74b] , that:
Here, from the Mayer-Vietoris sequence for any free product G = G 1 * G 2 , we write
Second, since N TOP (S 3 ) and N TOP (S 3 ×I) are singletons, by TOP transversality [FQ90] and by attaching thickened normal bordisms, we obtain:
So, since the surgery sequence for both (X ′ , ∂ 0 X ′ ) and (X n , ∂ 0 X n ) is exact at N TOP , the surgery sequence for the 4-manifold pair (X, ∂ 0 X) is exact at N TOP .
Third, since (pX ′ , S 3 ) and (pX n , S 3 ) have class SES h + and the splitting obstruction groups vanish, by Theorem 2.5, any homotopy-homology equivalence to (X, ∂ 0 X) is TOP s-bordant rel ∂M to a Z-homology split map along S 3 . That is, the top part of the s-bordism is a map whose preimage of S 3 is a Z-homology 3-sphere Σ. Thus the following inclusion is an equality (compare [Cap74a, Thm. 3]):
. By [FQ90, Corollary 9.3C], there exists a TOP Z-homology h-cobordism (W ; Σ, S 3 ) such that W is 1-connected. Furthermore, there exists an extension of the degree one normal map Σ → S 3 to a degree one normal map W → S 3 × I. Thus, by attaching the thickened normal bordism, the following inclusion is an equality:
(The process of this last equality is sometimes called neck exchange, cf. [JK06] .) Therefore the following map #, given by interior connected sum, is surjective:
, and ∂H is split along S 3 × ∂I, by the relative 5-dimensional form of Cappell's nilpotent normal cobordism construction [Cap74a, Cap76] , there exists a TOP normal bordism rel ∂W from H to an h-bordism
. Therefore # is injective. Now Wh(Γ) and L Proof of Corollary 1.14. Since X is orientable and each Γ i has class SA, by Theorem 1.9, we obtain that X has class SES h + and the following function is a bijection:
Next, let 1 ≤ i ≤ n. Assume Γ i is torsionfree and π 2 (X i ) ⊗ Z 2 = 0. Then, since Γ i has class B in the sense of A. Bartels and W. Lück [BL] , by their recent theorem [BL, Thm. B, Prop. 0.3], the connective assembly maps are isomorphisms:
Recall the universal coveringX i → X i is classified by a unique homotopy class of map u : X i → BΓ i , which induces an isomorphism on fundamental groups. Since X i is a closed oriented topological manifold, using topological transversality [FQ90] , the Quinn-Ranicki H-space structure on G/T OP , and Poincaré duality with respect to the L
• -orientation [Ran92] , we obtain induced homomorphisms Therefore, since X i has class SES h + and Wh(Γ i ) = 0, we obtain that S s TOP (X i ) is a singleton. Thus, since # is a bijection, the Whitehead group Wh(Γ) and topological s-cobordism structure set S s TOP (X) of X = X 1 # · · · #X n are singletons also.
The following argument is partly based on Farrell's 1970 ICM address [Far71] .
Proof of Theorem 1.23. One repeats the mapping torus argument of the proof of [Kha08, Theorem 5.6], constructing a homotopy equivalence h : X → X using f . Since the achieved homotopy equivalence g : M → X ⋊ h S 1 has Whitehead torsion τ (g) = τ (f ) = 0, there are no splitting obstructions. Since X has class SES h + , the proof of splitting g along X holds [Kha08, Thm. 5.4]; one no longer requires that M and X be DIFF manifolds. Therefore the argument of [Kha08, Theorem 5.6] shows that f : M → S 1 is homotopic to a TOP s-block bundle projection.
